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In order to reduce the discrepancies in the crystal ﬁeld analyses of the 4fN conﬁguration was used second
order perturbation theory without approximation. The even and odd parts of the Hamiltonian crystal
ﬁeld causes shifts in J level mean energy that depend on the crystal ﬁeld strength and polarizability of
the Ln3+ ion, respectively. This analysis is independent of the applied coupling scheme. The prediction
found was used for investigate the variation of the local structure of the Eu3+ ions in glass.
 2014 Elsevier B.V. All rights reserved.1. Introduction
Materials containing trivalent lanthanide ions (Ln3+) have
unique spectroscopic properties due to the energy levels of the
4fN electronic conﬁguration [1–3]. In these materials, the large
number of transitions lines in the visible part of the spectrum is
due to weak interactions between the electrons in the 4f shell (4f
electrons) and the electric ﬁeld produced by local environment of
the Ln3+ ion (CF) [4]. Many models for interpreting this interaction
have been developed based on the sum of two Parametric Hamilto-
nians: The Free Ion Hamiltonian (HFI) and Crystal Field Hamiltonian
(HCF) [5,6]. However, uncertainty or error on Free Ion Parameters
(FIP) or Crystal Field Parameter (CFP) forces other parameters to
incorrect values [4]. Further, approximations for deﬁning the 4fN
states also lead to incorrect values of the parameters.
In ﬁrst order perturbation, the energy of each J level (J denotes
the total angular momentum) of the 4fN conﬁguration depends
only on the HFI [6]. In environment the FIP values, that represent
the repulsion interactions between the 4f electrons and the spin–
orbit interactions, shift due to expansion of the 4f-orbital [3]. This
is known as Nephelauxetic effect and indicates that the shift in
energy of the J level in spherically symmetric environment is due
to change in HFI [7]. On the other hand, the HCF also shift the energy
of the J levels and this effect is attributed to mix of states with
different J (J-mixing effect) via even part of the HCF [8,9]. Besides,
when the mixing of conﬁgurations with opposite parities is not
neglected, the energy of J levels also depends on the odd part of
the HCF. For highest energy level of the 4fN conﬁguration this latter
effect cannot be neglected due to proximity with the ﬁrst
oppositive parity excited conﬁguration. The 4fN energy levels areobtained frequently by the even part of the CF and with some
approximation in crystal ﬁeld interactions, such as: despite mixing
of conﬁgurations with opposite parities [10,11] and crystal ﬁeld
effect correlation [12]. This letter aims to discuss how the even
and odd part of the CF affects the mean energy of the J levels using
second order perturbation theory without approximation.
2. Variation of the J level energy in crystal ﬁeld
The HFI Hamiltonian consists of free ion interactions, such as:
electron–electron repulsion, spin–orbit and relativistic effect [5].
Other spherical interactions also can be included in HFI. The wave
functions of the HFI for 4fN conﬁguration are labeled by aJM
quantum numbers (M is J’s projection in z-axis and a is an addi-
tional quantum numbers that depends on the applied coupling
scheme) and are 2J + 1-fold degenerate [3–5]. The non-spherical
part of HCFsplits the J level in stark levels also known as crystal ﬁeld
energy, JC [3]. The JC are labeled by irreducible representations
(irreps) of the point group symmetry of the Ln3+ site and kinds of
JC can be precisely determined by symmetry arguments [4]. The
|JMi functions provide a complete set for the JC states [5]. The CF
causes effects such as mix of states with different J [8,9] and of
conﬁgurations with opposite parities [10,11]. If these effects are
considered, the JC states do not have parity and angular momen-
tum deﬁned and only the irreps of the point group symmetry of
the Ln3+ site are good quantum numbers.
Using the spherical harmonic additional theorem, HCF can be
written as an expansion given by [5]:
HCF ¼
X
n
m¼n...n
AnmD
ðnÞ
m ð1Þ
where Anm depends on the site symmetry of the Ln
3+ and represents
the structural parts of the CF interaction. The DðnÞm depends on the
Ln3+ and radial positions of the 4f electrons. The terms with n = 0
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included in HFI. The terms with n = odd (even) corresponds to the
odd-parity (even-parity) of HCF.
The mean energy for each J level of the 4fN conﬁguration in CF is
given by:
EðJÞ ¼ 1
2J þ 1
X
cCEðJCÞ ð2Þ
where cC is the degeneracy and E(JC) is the energy of the crystal
ﬁeld level. The shift in E(J) is obtained from second order energy
perturbation and Eq. (2) becomes the following:
EðJÞ ¼ E0ðJÞ þ 12J þ 1
X
C
X
W
jhJCjHCF jWij2
E0ðJÞ  E0ðWÞ ð3Þ
|Wi and E0(W) are wave functions and the energies of the free ion,
respectively. The sum over the quantum numbers can also be con-
verted to a sum in M through the projection operator onto the sub-
space of the free-ion state [13]. The parity selection rule predicts
that the operators with odd parity connect states of opposite parity
and the operators with even parity connect states of same parity.
Thus, HCF can be given by an even part (H
even
CF ) and an odd part
(HoddCF ). By writing the Eq. (3) as EðJÞ ¼ E0ðJÞ þ dEðJÞ, the correction
of second order dEðJÞ is given by:
dEðJÞ ¼ 1
2J þ 1
X
MJ0M0
jhJMjHevenCF jJ0M0ij2
E0ðJÞ  E0ðJ0Þ
þ
X
MJ00M00
jhJMjHoddCF jJ00M00ij2
E0ðJÞ  E0ðJ00Þ
2
4
3
5
ð4Þ
where jJ0M0i are wave functions of the conﬁguration 4fN and jJ00M00i
are wave functions of the excited conﬁgurations of opposite parity
to 4fN. Independent of the site symmetry the J level mean energy
can be written in the form:
EðJÞ ¼ E0ðJÞ þ dEevenðJÞ þ dEoddðJÞ ð5Þ
dEeven and dEodd are the corrections due to even and odd part of the
HCF, respectively. The dEeven(J) correspond to correction due to J-
mixing effects and dEeven(J) correspond to correction due to mix of
conﬁgurations with opposite parities.
Using the Wigner-Eckart theorem and the orthogonal proper-
ties of the 3j symbol, the contribution due to even part of the CF
is written by [8,9]:
dEevenðJÞ ¼ 1
2J þ 1
X
J0
X
k¼2;4;6
q¼k...k
jhJjjCkjjJ0ij2
E0ðJÞ  E0ðJ0Þ
Sk ð6Þ
where
Sk ¼ 1
2kþ 1
X
q
jBkqj2 ð7Þ
Sk is a quadratic rotational invariant [14], hJ||Ck||J0i are the reduced
matrix elements and Bkq are complex components of the CF and
includes radial integrals of the 4f electron [5,6]. Independent of
the site symmetry, the dEeven(J) only depends on Sk three J parame-
ters, (S2, S4 and S6) positive real numbers. Eq. (6) also is independent
of the coupling schemes used.
The root mean-square deviation for a number of JC levels
obtained from degenerate J level upon introduction of the CF per-
turbation also is related to Sk by [13]:
rðJÞ2 ¼ 1
2J þ 1
X
k¼2;4;6
jhJjjCkjjJij2Sk ð8Þ
The r(J)2 obtained from the experimental value of the JC levels
can be used to obtain Sk, which is independent of the wave function
of the Ln3+ and site symmetry.When the J level is close to energy of the excited conﬁguration,
the CF interaction may contribute to lower the J level. From Eq. (4),
this contribution is given by the sum of J00M00 quantum number and
is due to odd parts of the CF. The shift in mean energy for each J
level due to odd part of the CF is given by:
dEoddðJÞ ¼ 1
2J þ 1
X
J00
jhJjjDt jjJ00ij2
E0ðJÞ  E0ðJ00Þ
St ð9Þ
where t = 1, 3, 5, 7 and St are quadratic rotational invariants and are
given by:
St ¼ 1
2t þ 1
X
p
jAtpj2 ð10Þ
These parameters, which depend on the local environment of
the Ln3+, determine the radioactive transition probabilities of any
forced electric dipole transitions of the Ln3+ [4–6]. The sum in Eq.
(9) can be made using the approximation of the average energy
denominator [10,11]. In this case the contribution in Eq. (9) due
to t = 3 and t = 5 terms will be related to X4 intensities parameters
and t = 5 and t = 7 terms related to X6. In glass, the X4 and X6 are
reported to not vary so largely with the local structural variations
of the sites possible for the Ln3+ ions in glass [15,16]. Thus, among
the terms of the Eq. (9) the t = 1 term must be the most important
for the variation in non-equivalent sites of a glass.
3. The dependence of the J = 0 levels with the parameter S1
The approximation of the average energy denominator for a
J = 0 level predicts zero for dEodd. This is due to Eq. (9) being iden-
tical to the sum of the Judd Ofelt mechanism for the transitions 0–0
[10,11]. If the J = 0 level is close to energy levels of the excited con-
ﬁguration this approximation cannot be used. However can be
expressed in term of the static electric dipole polarizability [17]
(for convenience this will be referred to here after as simply polar-
izability). There are two different ways to obtain this contribution.
Firstly, the polarizability of a state with total angular momentum
zero and energy E0 can be expressed as a sum over unperturbed
intermediate states [18] in the form:
að0Þ ¼ 2e
2
3
X
n
jh0jjD1jjJnij2
En  E0 ð11Þ
where Jn and En are the total angular momenta and the energies of
the intermediate states. D1 is the electron dipole operator with
Dð1Þm ¼
P
iriC
ð1Þ
m ðiÞ component [5], E0 is the energy of the state with
J = 0 level. In the case of the 4fN conﬁguration; the |Jni are states
of opposite parity to 4fN states due to Dð1Þm be an odd operator. Using
only the term t = 1 of Eq. (9), and comparing it with the deﬁnition of
polarizability in Eq. (11), it is possible to obtain:
dEoddð0Þ ﬃ  3
2e2
að0ÞS1 ð12Þ
Other ways to obtain Eq. (12) is considering a non-degenerate
energy level in the presence of an electrostatic ﬁeld. If E is the elec-
trostatic ﬁeld, then the shift in this level is given by (1/2)a|E|2. In
the environment ð1=e2ÞA1p . is electric ﬁeld component at t nucleus
of the Ln3+ ion, thus the same results of the Eq. (13) is found.
The relationship between the shift J = 0 energy level due to odd
part of the CF with the polarizability is very important because the
polarizability can be determined by measurements of a dielectric
constant or refractive index. Besides, the Eq. (12) includes all
excited conﬁgurations (for example, for Eu3+ ion the total number
of states of the fst excited conﬁguration is 23023). The contribu-
tion given in Eq. (12) cannot be absorbed in HFI due to dependency
with the non-spherical term S1.
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The 3003 states of the 4f6 conﬁguration of Eu3+ extend up to
175000 cm1 and the lowest multiplet of the ﬁrst oppositive par-
ity excited conﬁguration is 85000 cm1 [1]. The 7F0 is the ground
state and 7F1 (370 cm1) is the ﬁrst excited state of the 4f6
cﬁguration. The 7F0 level is non-degenerate but the non-spherical
part of the CF can split the 7F1 level in two or three star levels.
Using Eq. (6), the shift in energy positions of the 7F0 level due to
even part of the CF is given by:
dEevenð7F0Þ ¼
X
k¼2;4;6
jh½7F0jjCkjj½7Fkij2
E0ð7FkÞ S
k ð13Þ
and the shift in 7F1 level 7F1 is given by:
dEevenð7F1Þ ¼ 13
X
k¼2;4;6
X
J¼2;3;4;5;6
jh½7F1jjCkjj½7Fkij2
E0ð7F1Þ  E0ð7FJÞ
 !
Sk ð14Þ
The square brackets mean that the quantities between paren-
theses are not good quantum numbers due to spin–orbit interac-
tion. However, the 7FJ states are approximate 98% are pure [17].
The shift in energy separation between 7F1 and 7F0 levels is
given by dE(7F1) dE(7F0). If only the even part of the CF is consid-
ered the separation between 7F1 and 7F0 levels is found through
Eqs. (13 and 14) and using the (Table 1) we can write:
E 7F1  7F0
  ¼ E0ð7F1Þ þ 1:135 104S2  0:156 104S4
0:056 104S4
ð15Þ
In Eq. (15) only the S2 parameters can contribute for increase in
E(7F1–7F0) energy. The decrease in E(7F1–7F0) energy is attributed to
increase of the S4 and S6 or decrease of the S2 parameter. Table 2
shows that the smaller values of E(7F1–7F0) are found for cubic
symmetry. This is because in cubic symmetry S2 = 0, thus the even
part of the CF contributes to a decrease in E(7F1–7F0).
The theoretical prediction of the correction due to even part of
the CF is given by d(7F1–7F0)cal = 1.135  104S2  0.156  104S4
 0.056  104S6 and this leads to satisfactory predictions shown
in Figure 1. This result was found for the Eu3+ ion of different crys-
tals without include the Nephelauxetic Effect. Besides, by use of
the Landè rule, (7F1)–E(7F0) is proportional to spin–orbit coupling
parameter and the increase in S4 and S6 parameters may be con-
fused with a decrease in spin–orbit coupling parameter. However,
this correction cannot be associated to change in spin–orbit cou-
pling parameter.
In the case of the 5D0 level, the contribution from even part of
the CF can be negligible due to 5D0–2S+1LJ energy separation being
greater than the 7F0–7FJ and the h[5D]0||C2||[5D]2i matrix element
being smaller than h[7F]0||C2||[7F]2i. Thus, if consider only the even
part of the CF the 5D0 energy is practically constant and the shift
E(5D0–7F0) energy is due to depression of 7F0 level. Using Eq. (13)
and (Table 1) the energy separation between 5D0 and 7F0 is given byTable 1
Reduced matrix elements of the Eu3+ and 7FJ energy levels for free ion. The value are take
J1 Energy7FJ1 J1 Energy7FJ2
0 0 2 1026
0 0 4 2823
0 0 6 4907
1 372 1 372
1 372 2 1026
1 372 3 1866
1 372 4 2823
1 372 5 3849
1 372 6 4907
2 1026 2 1026E 5D0  7F0
  ¼ Eð5D0Þ þ 2:499 104S2 þ 0:632 104S4
þ 0:482 104S6 ð16Þ
In Eq. (16) all parameters contribute for increase in E(5D0–7F0)
energy. Among the rotational invariant the S6 is the most sensitive
to change in radial part of the CF because it is more affected by the
integrals of the 4f [15]. The S2 is more sensitive to change in sym-
metry than the radial part.
In glass it is common to ﬁnd that the local symmetry of the Eu3+
is very low. Therefore, it is not possible to determine all crystal
ﬁeld parameters for each site of the Eu3+ because the number of
parameters is higher than that of the observed energy levels. When
the local structural variations of the sites possible for the Eu3+ ions
in glass leads to a variations small in radial part the increase in
E(7F1–7F0) and E(5D0–7F0) in difference sites of the glass is due to
increase in S2. In this case using the Eq. (15) and as S2 = [D7F1]2/
(2|h7F1||C2||7F1i|2), where D7F1 is the maximum splitting of the
7F1 level [28], we found:
E 7F1  7F0
  ¼ E0ð7F1Þ þ 1:974 104½D7F12 ð17Þ
and
E 5D0  7F0
  ¼ E0ð5D0Þ þ 4:346 104½D7F12 ð18Þ
Eqs. (17) and (18) reproduces satisfactory E(7F1–7F0) and
E(5D0–7F0) for zinc oxyﬂuorotellurite glass as show in Figure 2.
The local structural variations of the possible sites for the Eu3+ ions
leads to a major change of S2. Thus variations of the sites possible
for the Eu3+ ions in zinc oxyﬂuorotellurite glass leads to a small in
radial part.
The contribution of the S4 and S6 for shift in energy positions of
7F1 and 5D0 levels can be found using the Eqs. (15) and (16). Is easy
to show that E(5D0–7F0) – 2.2  E(7F1–7F0) = E(5D0–2.27F1) is given
by:
E 5D0  2:27F1
 
¼ E0 5D0  2:27F1
 
þ 0:947 104S4
þ 0:595 104S6 ð19Þ
This equation does not dependent on S2. Figure 3 shows that
E(5D0–2.27F1) is practically a constant for the zinc oxyﬂuorotellu-
rite glass conﬁrming that S4 and S6 is practically a constant. How-
ever, in calcium diborate glass the increase E(5D0–2.27F1) with
increase of (D7F1) is due to the strong change of S4 and S6. So in cal-
cium diborate glass he Eqs. (17) and (18) does not reproduce
E(7F1–7F0) and E(5D0–7F0) due to the local structural variations also
leads to a change S4 and S6 parameters. Thus the local structural
variations of the possible sites for the Eu3+ ions in calcium diborate
glass occur changes the interatomic bond lengths and bond angles.
Figure 4 also shows the variation of (D7F1) due to the pressure
induced anisotropic distortions in Eu3+ local environments [29].
The application of high pressure changes the interatomic bond
lengths and bond angles, and furthermore also changes the localn from Carnal for LaF: Eu3+ [6].
|h7FJ1||c2||7FJ2i|2 |h7FJ1||U4||7FJ2i| |h7FJ1||U6||7FJ2
0.2564 0.0 0.0
0.0 0.1784 0.0
0.0 0.0 0.2366
0.2875 0.0 0.0
0.0967 0.0 0.0
0.3905 0.1529 0.0
0.0 0.2216 0.0
0.0 0.1517 0.0888
0.0 0.0 0.6158
0.1867 0.1662 0.0
Table 2
Crystal ﬁeld parameters and rotational invariant Sk calculated from Table 1. The shift dEcal. = 1.1349  104S2  0.1560  104S4  0.0556  104S6 found from Eq. (16).
Crystal 7F1 B20 B
4
0 B
4
3 B
4
4 B
6
0 B
6
3 B
6
4 B
6
6
S2 S4 S6 dEcal Refs.
Cs2KYF6 341 0 2993 0 1789 428 0 801 0 0 1351276 112747 21.142 [20]
Rb2NaEuF6 336 0 2622 0 1567 435 0 814 0 0 1037041 116466 16.243 [20]
LaOF 348 0 1135 1358 0 983 485 0 607 0 552950 167203 8.719 [21]
YOF 342 0 1326 1603 0 1225 562 0 796 0 766388 261503 12.101 [21]
GdOF 345 0 1255 1565 0 1119 503 0 695 0 719275 209556 11.337 [21]
YOF 342 1 1539 1523 0 1286 525 0 777 0.2 778620 262500 12.292 [21]
GdOF 344 3 1230 1588 0 1029 431 0 786 1.8 728487 205073 11.478 [21]
LaOF 343 28 1162 1347 0 866 482 0 697 156.8 553229 168171 8.706 [21]
ThO2 359 661 843 1709 0 799 299 0 1028 87384.2 728001 225444 1.565 [22]
YOBr 376 964 1059 0 804 897 0 425 0 185859.2 196433 89681 17.979 [23]
GdOBr 380 1098 978 0 825 884 0 385 0 241120.8 181901 82916 24.481 [23]
LaOBr 393 1499 519 0 1071 814 0 144 0 449400.2 157378 54159 48.517 [23]
LaOI 392 1492 620 0 1038 932 0 128 0 445212.8 162427 69338 47.955 [23]
KY3F10 367 517 1379 0 346 458 0 243 0 53457 224595 25220 2.549 [24]
LaF 372 189 287 0 0 801 0 0 525 7144.2 9152 91758 0.6170 [6]
LaCl 372 89 38 0 0 51 0 0 495 1584.2 160 37896 0.156 [25]
Figure 1. Increase in E(7F1–7F0) energy with increase of the dEcal: for given different
crystals given in Table 2. The solid line is (7F1–7F0) = 355 + dEcal.
Figure 2. Shift in E(7F1–7F0) and E(5D0–7F0) energy with increase inD7F1 for the Eu3+
ions in the zinc oxyﬂuorotellurite [26] and calcium diborate glasses [27]. The solid
line is the theoretical prediction obtained from Eqs. (17) and (18).
Figure 3. Shift in E(7F1–2.27F0) energy with increase in D7F1 for the Eu3+ ions in the
zinc oxyﬂuorotellurite and calcium diborate glasses.
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E(5D0–7F0) energy is more strongly affected by pressure than the
E(7F1–7F0). The E(7F1–7F0) is reproduced using Eq. (15) and conﬁrms
that for the lower energy levels (7F1 and 7F0) only the even part of
the CF is important. However, in this case, the decrease in
E(5D0–7F0) energy cannot be associated with an increase in Sk
parameters [30].The odd part of the CF also contributes in its energy position
due to high energy of the 5D0 level (17000 cm1). As 5D0 and
7F0 levels have J = 0 the contribution from the odd part of the CF
can be obtain using the Eq. (13). The polarizability of the Eu3+ in
ground states is a(7F0) and using Eq. (13) is obtained by:
dEoddð7F0Þ ﬃ 32e2 að
7F0ÞS1 ð20Þ
A theoretical estimation of the dipole polarizability of the Eu3+
ion in ground states, a(7F0), is approximately 0.8 Å3 [19]. The S1
value can be obtained using the Simple Overlap Model (SOM)
[31] given by:
A1q ¼
X
L
e2gLq
2
1 d
 2
C1qðLÞR2L ; ð21Þ
q is the overlap between the 4f orbitals and the s and p orbitals
of a ligand ion, RL and XL deﬁnes the position of the Lth ligand and
gL its valence. Thus, using Eqs. (20) and (21) the orders of the cor-
rection for 7F0 level is 101 cm1. However, for 7F1 level the correc-
tion must be of the same order due to the fact that 7F1 and 7F0 are
different only in J quantum number and energy difference between
the levels is small. So this term did not contribute for changes in
energy separation between 7F1 and 7F0 levels. However, the separa-
tion between 5D0 and 7F0 levels depends on the difference between
the polarizability of the 5D0 and 7F0. The polarizability in 5D0 and
7F0 state are energy level is the deferent, thus the CF can change
the E(5D0–7F0) energy and this contribution depends on S1 terms.
If a(5D0) < a(7F0) then 5D0–7F0 decreases with S1.
Figure 4. Increase in E(7F1–7F0) and decrease in E(5D0–7F0) with the increase inD7F1
due to pression [29]. The solid line is the theoretical prediction obtained from Eq.
(16).
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The even and odd part of the CF causes shifts in the mean
energy J and cannot be absorbed in free ion parameters. In this Let-
ter the 7F1 energy levels and 5D0 – 7F0 transition has been used as
probe for site symmetry because it reveals non-equivalent sites
in glasses. The shift in energy separation between 7F1 and 7F0 levels
is mainly due to mix of the 7F0 and 7F1 states with other 7FJ states
from even part of the CF. The 7F1 energy in environment are com-
pletely explained by even part of the CF. The choice of the Sk and St
parameters do not depend on the applied coupling scheme and the
local symmetry. The relationship between shift energy levels and
crystal ﬁled strength leads to an understanding of the charge in
energy levels of Eu3+ with the changes of the local symmetry
around the Eu3+.
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